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Abstract
Quantum correlations in an entangled many-body system are capable of storing information.
Even when the information is injected by a local unitary operation to the system, the entanglement
delocalizes it. In a recent study on multiple-qubit systems, it is shown that a virtual qubit defined
in the correlation space plays a role of perfect storage of delocalized information, which is called
a quantum information capsule (QIC). In order to enhance the capacity of quantum information
storage, it is crucial to formulate the cases for multiple-qudit systems and continuous-variable (CV)
systems. We analytically prove that it is possible to construct a QIC for general write operations
of the systems. It turns out that the extension to quantum field theory is achievable. For Gaussian
states, we explicitly construct a QIC for shift write operations. We analyze the time-evolution of
QIC in a CV system to demonstrate the diffusion of information in entangled pure states.
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I. INTRODUCTION
Quantum information is a subtle concept. We have two reasons to consider it at present,
even though this word has already been widely used. The first reason is related to the infor-
mation loss problem in black hole evaporation. Black holes can emit the Hawking radiation
[1]. During this process, the state might evolve from pure to mixed [2]. If so, unitarity of the
quantum theory would be broken. Many researchers often say, “Quantum information can
be lost”. However, nobody has provided the precise definition of the quantum information in
this context. We should sharpen the concept. The second reason of the subtlety is related
to delocalization of information due to entanglement. For instance, consider a Bell state
depending on a continuous real parameter θ: |Bell(θ)〉 ≡ 1√
2
(
e−iθ |0〉 |0〉+ eiθ |1〉 |1〉). By
taking the partial trace, we get a reduced state for each qubit, which is independent of θ.
The information is delocalized in the system. This feature is crucial when we treat quantum
devices of information storage. Where is the quantum information stored in the system?
This is a very profound and important question. It should be handled with care.
In order to address the above problems, one of our main tasks by using an entangled many-
body system is storage and retrieval of information about continuous unknown parameters.
In this paper, we define quantum information as classical information about parameters
stored in a delocalized way. By assuming that the parameter θ is unknown, the above Bell
state |Bell(θ)〉 exhibits an example of quantum information since |Bell(θ)〉 is also unknown
and a superposition of two distinct states.
There are two classes of ways to retrieve the quantum information. The common one is
to use a pair of partners. A pair of subsystems in a many-body system is called partners
when the pair is in a pure state. The notion of partners has originally been proposed in the
analysis on modes of scalar field in the context of black hole physics [3]. The partner of a
specific mode is identified in [3], and a general formula for partners is obtained in [4]. The
definition of partners is extended to multiple-qubit systems in [5] by using virtual qubits
in the correlation space [6, 7]. It has been shown that for an arbitrary multiple-qubit pure
state, we can identify the partner of the first qubit on which information is injected [5]. Since
the pair of partners is in a pure state both before and after the write operation, it perfectly
confines the information of θ. In order to retrieve the information out of the system by a
SWAP operation, we need two external qubits. The second way to retrieve the delocalized
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information is to use quantum information capsule (QIC). A QIC is a single virtual qubit
that perfectly confining the imprinted information in a pure state. It has been shown that
for the multiple-qubit system in an arbitrary state, a QIC always exists [5]. By swapping
the state of a QIC for the state of a single external qubit, the information of θ is retrieved.
After the SWAP operation, no information remains in the multiple-qubit system.
In [5], the QIC analysis was done only for multiple-qubit systems. However, we have
many other physical systems in which we can implement storage and retrieval of information,
such as multiple-qudit systems and continuous-variable (CV) systems. Information storage
capacity can be enhanced by adopting a multiple-qudit system or a CV system. In this
paper, we analytically prove the existence of QIC’s in the systems. QIC experiments can be
expected by using entangled cold atoms in a pure state [8–11].
Information stored in quantum systems is generally scrambled by the time-evolution. We
demonstrate the diffusion of information keeping unitarity by numerically calculating the
time-evolution of a QIC in a CV system.
In Section II, we show that a QIC always exists for arbitrary states and write operation
in multiple-qudit systems. A QIC stores (d − 1) independent parameters. In Section III,
we extend the proof to CV systems. The results are applicable to scalar field, as long as
the continuum limit can be taken properly. In Section IV, we demonstorate scrambling of
information due to the free evolution of the system by calculating the time-evolution of a
QIC. Summary is given in Section V.
In this paper, we adopt the natural units: c = ~ = 1.
II. QIC IN FINITE DIMENSIONAL SYSTEMS
In this section, we investigate delocalized information in an N -qudit system H = H⊗Nd ,
whereHd is a d-dimensional Hilbert space. Let us imprint the information of an unknown real
parameter θ into the N -qudit system by performing a unitary write operation Wˆ (θ) ≡ e−iθTˆ ,
where Tˆ is assumed to satisfy Tˆ = Uˆ †
(
tˆ⊗ I⊗N−1) Uˆ for a unitary operator Uˆ and tˆ ∈ su(d)
satisfying a normalization condition: TrHd
(
tˆ2
)
= d. If the system is initially in a pure state
|Ψ〉, it evolves into Wˆ (θ) |Ψ〉. When Uˆ = I⊗Nd , the write operation is a local unitary operation
on the first qudit. The imprinted information is delocalized due to the entanglement in
general. For Uˆ 6= I⊗Nd , the write operation is not necessarily a local operation. A nontrivial
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unitary operator Uˆ smears the write operation, as we will see in Section III.
After the write operation, the system evolves into |Ψ(θ)〉 ≡ Wˆ (θ) |Ψ〉. The quantum
Fisher information
F ≡ 4 (〈∂θΨ(θ) | ∂θΨ(θ)〉 − |〈Ψ(θ) | ∂θΨ(θ)〉|2) = 4
〈
Ψ
∣∣∣∣ (∆Tˆ)2
∣∣∣∣Ψ
〉
(1)
quantifies the best possible precision of the estimation of θ from the state |Ψ(θ)〉 [12]. Here,
we have defined ∆Tˆ ≡ Tˆ −
〈
Ψ
∣∣∣ Tˆ ∣∣∣Ψ〉. It should be noted that F is independent of θ in
this setup. The information of θ is imprinted unless F = 0.
As a special example, let us consider the case when Uˆ = I⊗Nd . The write operation Wˆ (θ)
corresponds to a local unitary operation on the first qudit wˆ(θ) ⊗ I⊗N−1d , where we have
defined wˆ(θ) ≡ e−iθtˆ. Since the information of θ is imprinted by a local unitary operation
of the first qudit, it can be extracted from the first qudit if the first qudit does not share
entanglement with other qudits. Suppose that the initial state is given by |Ψ〉 = |φ〉⊗ |ψ〉 ∈
Hd ⊗H⊗N−1d , where |φ〉 and |ψ〉 are unit vectors. After the write operation, it evolves into
|Ψ(θ)〉 = |φ(θ)〉 ⊗ |ψ〉, where |φ(θ)〉 ≡ wˆ(θ) |φ〉. The information of θ can be retrieved
perfectly by swapping the state of the first qudit for the state of an external single qudit
state. The SWAP unitary operation [13] is given by
Uˆswap =
d∑
i,j=1
(|i〉 〈j| ⊗ I⊗N−1d )⊗ |j〉 〈i| : H⊗H(ext.)d →H⊗H(ext.)d , (2)
where {|i〉}di=1 is an orthonormal basis for a single-qudit system and H(ext.)d is d-dimensional
Hilbert for the external qudit system. By using the set of generators
{
tˆi
}d2−1
i=1
, it can be
rewritten as
Uˆswap =
1
d
d2−1∑
µ=0
(
tˆµ ⊗ I⊗N−1d
)⊗ tˆµ (3)
as is shown in Appendix A. Here, we have defined tˆ0 ≡ Id. Assuming the initial state of the
external qudit system is given by |χ〉,
Uˆswap |Ψ(θ)〉 ⊗ |χ〉 = (|χ〉 ⊗ |ψ〉)⊗ |φ(θ)〉 (4)
holds. This means that the information of θ is confined in the first qudit. No information
is left in the N -qudit system after the SWAP operation. However, when the first qudit is
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entangled with other qudits, the reduced state of the first qudit does not necessarily have
perfect information of θ as we have seen in Introduction.
There are two known pictures of how the system stores the delocalized information in
multiple-qubit systems with write operations Wˆ (θ) = e−iθtˆ ⊗ I⊗N−12 . A common one is that
the first qubit and its purification partner shares it. The partner qubit is first defined in [5].
The pair of entangled partners is in a pure state and stores the injected information of θ. The
second one is that a virtual qubit in the correlation space perfectly confines the delocalized
information in a pure state [5]. The virtual qubit is called a quantum information capsule
(QIC). It should be noted that, in [5], these two pictures are investigated only in a special
case of our setup: Uˆ = I⊗Nd and d = 2.
One of the main aims of this paper is to extend the notion of partners and QICs for
general write operation Wˆ (θ) on multiple-qudit systems with an arbitrary d. Here, let us
first introduce a virtual qudit in the correlation space in order to extend the notion of partner
to multiple-qudit systems. A virtual qudit is characterized by a set of traceless Hermitian
operators {Tˆi}d2−1i=1 satisfying
Tˆi = Vˆ
† (tˆi ⊗ I⊗N−1d ) Vˆ (5)
for a unitary operator Vˆ : H → H. Here, {tˆi}d2−1i=1 is a basis of su(d) algebra satisfying
TrHd
(
tˆitˆj
)
= dδij for i, j = 1, · · · , d2 − 1. Assuming that the system is in a pure state |Ψ〉,
the corresponding qudit-state ρˆ is defined as
ρˆ ≡ 1
d
d2−1∑
µ=0
〈
Ψ
∣∣∣ Tˆµ ∣∣∣Ψ〉 tˆµ, (6)
where we have defined Tˆ0 = I
⊗N
d and tˆ0 ≡ Id. It can be shown that ρˆ is a unit trace positive-
semidefinite operator, meaning that ρˆ defines a quantum state. The density operator ρˆ is
characterized by the expectation values of generators
〈
Ψ
∣∣∣ Tˆµ ∣∣∣Ψ〉, and the virtual qudit
is defined in the correlation space. Quantum operations on the N -qudit system affect the
expectation values, and achieve quantum operations on the virtual qudit.
It should be noted that there is an ambiguity in the operators representing the same
physical system. As an instructive example, let us consider a virtual qudit defined by
Tˆi = tˆi ⊗ I⊗N−1d (7)
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for the system in a pure state |Ψ〉 ∈ H. These operators characterize the first real qudit.
On the other hand, the state of a virtual qudit characterized by
Tˆ ′i ≡ ei
∑d2−1
µ=0 cµTˆµTˆie
−i∑d2−1µ=0 cµTˆµ = tˆ′i ⊗ I⊗N−1d (8)
with cµ ∈ R also characterize the same real qubit with different basis tˆ′i ≡ ei
∑d2−1
µ=0 cµtˆµ tˆie
−i∑d2−1µ=0 cµtˆµ .
In general, if two sets of operators
{
Tˆi
}d2−1
i=1
and
{
Tˆ ′i
}d2−1
i=1
are connected by a unitary op-
eration generated by
{
Tˆi
}d2−1
i=1
, they represents the same virtual qudit. In that case, we say{
Tˆ ′i
}d2−1
i=1
is equivalent to
{
Tˆi
}d2−1
i=1
. This ambiguity becomes significant when we discuss
the non-uniqueness of QIC later.
Let us define and identify the partner qudit. For a given set of virtual-qudit opera-
tors
{
Tˆ
(A)
i
}d2−1
i=1
, its partner qudit in a pure state |Ψ〉 is characterized by a set of traceless
Hermitian operators
{
Tˆ
(B)
i
}d2−1
i=1
satisfying the following three conditions: (i) Algebra: it
satisfies Eq. (5), (ii) Locality:
[
Tˆ
(A)
i , Tˆ
(B)
j
]
= 0 for all i, j = 1, · · · , d2 − 1, (iii) Purifica-
tion: the operator ρˆAB ≡ 1d2
∑d2−1
µ,ν=0
〈
Ψ
∣∣∣ Tˆ (A)µ Tˆ (B)ν ∣∣∣Ψ〉 tˆµ ⊗ tˆν represents a pure state in
the correlation space. The partner qudit is identified by the following procedure: For a
given Tˆ
(A)
i = Vˆ
(A)† (tˆi ⊗ I⊗N−1d ) Vˆ (A) and a pure state |Ψ〉, consider a pure state |Ψ′〉 ≡
Vˆ (A) |Ψ〉. The Schmidt decomposition of the state is given by |Ψ′〉 = ∑di=1√pi |φi〉 |ψi〉
with some probability distribution {pi}di=1 and orthonormal bases {|φi〉}di=1 and {|ψi〉}di=1
on the Hilbert spaces Hd and H⊗N−1d , respectively. There always exists a unitary operator
vˆ : H⊗N−1d → Hd ⊗ H⊗N−2d such that vˆ |ψi〉 = |ψ′i〉 |χ〉, where {|ψ′i〉}di=1 is an orthonormal
basis of Hd and |χ〉 is a unit vector in H⊗N−2d . Defining a unitary operator
Vˆ (B) ≡
(
d∑
i,j=1
|φi〉 〈φj| ⊗ |ψ′j〉 〈ψ′i| ⊗ I⊗N−2d
)
(Id ⊗ vˆ) Vˆ (A), (9)
the operators Tˆ
(B)
i = Vˆ
(B)† (tˆi ⊗ I⊗N−1) Vˆ (B) give the partner qudit. The corresponding
state in the correlation space is given by ρˆAB = |ΨAB〉 〈ΨAB|, where |ΨAB〉 ≡
∑d
i=1
√
pi |φi〉 |ψ′i〉
is a pure state for a virtual two-qudit system.
A pair of partners gives a way to extract the delocalized information. Suppose that
information of unknown parameter θ is injected by a write operation Wˆ (θ) = e−iθTˆ on an
N -qudit system in a pure state |Ψ〉. Here, Tˆ is assumed to satisfy Tˆ = Uˆ † (tˆ⊗ I⊗N−1d ) Uˆ for
a unitary operator Uˆ . Consider a pair of partner qudits AB characterized by
Tˆ
(A)
i ≡ Uˆ †
(
tˆi ⊗ I⊗N−1d
)
Uˆ , Tˆ
(B)
i = Vˆ
(B)† (tˆi ⊗ I⊗N−1d ) Vˆ (B), (10)
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where Vˆ (B) is defined in Eq. (9) with Vˆ (A) = Uˆ . Due to the write operation on the real
N -qudit system, the correlation space state evolves into
ρˆAB(θ) ≡ 1
d2
d2−1∑
µ,ν=1
〈
Ψ(θ)
∣∣∣ Tˆ (A)µ Tˆ (B)ν ∣∣∣Ψ(θ)〉 tˆµ ⊗ tˆν
=
1
d2
d2−1∑
µ,ν=1
〈
Ψ
∣∣∣ eiθTˆ Tˆ (A)µ e−iθTˆ Tˆ (B)ν ∣∣∣Ψ〉 tˆµ ⊗ tˆν
=
1
d2
d2−1∑
µ,ν=1
〈
ΨAB
∣∣∣ (eiθtˆtˆµe−iθtˆ ⊗ Id) (Id ⊗ tˆν) ∣∣∣ΨAB〉 tˆµ ⊗ tˆν
=
1
d2
d2−1∑
µ,ν=1
〈
ΨAB
∣∣ tˆµ ⊗ tˆν ∣∣ΨAB〉 e−iθtˆtˆµeiθtˆ ⊗ tˆν
= (wˆ(θ)⊗ Id) |ΨAB〉 〈ΨAB| (wˆ(θ)⊗ Id)† . (11)
Therefore, the write operation Wˆ (θ) achieves a write unitary operation wˆ(θ) ⊗ Id on the
partner A in the correlation space. The initial state ρˆAB = |ΨAB〉 〈ΨAB| and hence ρˆAB(θ)
are pure, implying that the information of θ is confined in the two-qudit state for the
partners. The SWAP operation of a virtual qudit characterized by
{
Tˆi
}d2−1
i=1
is expressed as
Uˆswap ≡ 1
d
d2−1∑
µ=0
Tˆµ ⊗ tˆµ : H⊗H(ext.)d →H⊗H(ext.)d , (12)
where tˆµ denotes the basis of su(d) algebra for an external qudit system. The delocal-
ized information can be perfectly retrieved by the SWAP operations with
{
Tˆ
(A)
i
}d2−1
i=1
and{
Tˆ
(B)
i
}d2−1
i=1
.
For a multiple-qudit system in a pure state |Ψ〉 and a write operation Wˆ (θ) = e−iθTˆ , a
pair of partners is characterized by operators defined in Eq. (10). For a unitary operator Vˆ
which preserves Tˆ , it is possible to introduce another pair of partners A′B′ as
Tˆi
(A′) = Vˆ †Tˆ (A)Vˆ , Tˆ (B
′)
i = Vˆ
†Tˆ (B)Vˆ . (13)
Since Tˆ is preserved, the write operation Wˆ (θ) induces the same local write operation
wˆ(θ) on the qudit A′ in the two-qudit system A′B′ in the correlation space. The amount
of entanglement between A′B′ depends on the choice of the unitary operator Vˆ since the
density matrix of the qudit A′ is given by
ρˆA′ =
1
d
d2−1∑
µ=0
〈
Ψ
∣∣∣ Tˆ (A′)µ ∣∣∣Ψ〉 tˆµ = 1d
d2−1∑
µ=0
〈
ΨV
∣∣ tˆµ ⊗ Id ∣∣ΨV 〉 tˆµ, (14)
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where we have defined |ΨV 〉 ≡ Vˆ |Ψ〉. The amount of entanglement is invariant under the
write operation since it corresponds to a local unitary operation on the virtual qudit A′:
ρˆA′(θ) ≡ 1
d
d2−1∑
µ=0
〈
Ψ(θ)
∣∣∣ Tˆ (A′)µ ∣∣∣Ψ(θ)〉 tˆµ = 1d
d2−1∑
µ=0
〈
ΨV
∣∣∣ eiθtˆtˆµe−iθtˆ ⊗ Id ∣∣∣ΨV 〉 tˆµ
= wˆ(θ)ρˆA′wˆ(θ)
†. (15)
As an extreme case of partners, let us investigate whether maximally entangled partners
exist. In this case, the reduced state of virtual qudits are invariant under the write operation,
meaning that the whole information is stored in non-local correlations. As an example,
consider a two-qudit system and fix the generator of write operation as Tˆ = tˆ1 ⊗ Id, where{
tˆi
}d2−1
i=1
denotes a basis of su(d). The pair of partners A′B′ is maximally entangled if and
only if the purity of A′ defined by Tr (ρˆ2A′) =
1
d
. Since
Tr
(
ρˆ2A′
)
=
1
d
(
1 +
d2−1∑
i=1
〈
ΨV
∣∣ tˆi ⊗ Id ∣∣ΨV 〉2
)
(16)
holds, this condition is equivalent to
〈
ΨV
∣∣ tˆi ⊗ Id ∣∣ΨV 〉 = 0 (17)
for all i = 1, · · · , d2−1. Since Vˆ preserves tˆ1⊗Id, it can be satisfied only if
〈
Ψ
∣∣ tˆ1 ⊗ Id ∣∣Ψ〉 =
0, which does not always hold. This example shows that maximally entangled partners do
not exist in general. The fact that information can be hidden from the subsystems perfectly
only in specific situations is consistent with the results in [14, 15], though our setup is
different from theirs.
The opposite situation gives the notion of QIC. A QIC is a virtual qudit in a pure state
which perfectly confines the injected information of θ. It is a non-trivial question whether
a QIC exists, as is suggested from the fact that maximally entangled partners do not exist
in general. Surprisingly, however, we can construct a QIC for arbitrary state and write
operation. In order to show it, we use the eigenvalue decomposition tˆ =
∑d
i=1 ri |φi〉 〈φi|,
where ri ∈ R and {|φi〉}di=1 is an orthonormal basis. By using the basis, the state |Ψ′〉 ≡ Uˆ |Ψ〉
can be expanded as
|Ψ′〉 =
d∑
i=1
ci |φi〉 ⊗ |ψi〉 , (18)
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where ci ∈ C and |ψi〉 ∈ H⊗N−1 are unit vectors, which are not orthogonal to each other in
general. Let us define a unitary operator
Vˆ ≡ exp
(
−i
(
d∑
i=1
|φi〉 〈φi| ⊗ hˆi
))
, (19)
where {hi}di=1 are Hermitian operators satisfying e−ihi |ψi〉 = |ψ〉 for a reference unit vector
|ψ〉 ∈ H⊗N−1. This transformation preserves tˆ⊗ Id. Defining |Φ〉 ≡
∑d
i=1 ci |φi〉, we get
Vˆ |Ψ′〉 =
d∑
i=1
ci |φi〉 ⊗ e−ihi |ψi〉 = |Φ〉 ⊗ |ψ〉 , (20)
meaning that the virtual qudit characterized by a set of operators
{
Tˆ
(QIC)
i ≡ Uˆ †Vˆ †
(
tˆi ⊗ I⊗N−1d
)
Vˆ Uˆ
}d2−1
i=1
is in a pure state ρˆQIC = |Φ〉 〈Φ|. Therefore, this virtual qudit is a QIC. By using the QIC
operators
{
Tˆ
(QIC)
i
}d2−1
i=1
, the whole information can be perfectly retrieved by the SWAP
operation given in Eq. (12).
In the above proof, unitary operators
{
e−ihˆi
}d
i=1
are arbitrarily chosen as long as it
satisfies e−ihˆi |ψi〉 = |ψ〉. The non-uniqueness of QIC is shown from this fact. As an example,
consider a one-parameter family of unitary operator
Vˆ (r) = e−irtˆ⊗|ψ〉〈ψ|Vˆ = exp
(
−i
(
d∑
i=1
|φi〉 〈φi| ⊗
(
hˆi + rri |ψ〉 〈ψ|
)))
, (21)
where r ∈ R. The operators defined by
Tˆ
(QIC)
i (r) ≡ Uˆ †Vˆ (r)†
(
tˆi ⊗ I⊗N−1d
)
Vˆ (r)Uˆ (22)
also characterize a QIC. Since
Tˆ
(QIC)
i (r) = Uˆ
†Vˆ †
(
tˆi ⊗ I⊗N−1d +
(
eirtˆtˆie
−irtˆ − tˆi
)
⊗ |ψ〉 〈ψ|
)
Vˆ Uˆ (23)
holds, there exists r∗ such that
{
Tˆi(r
∗)
}d2−1
i=1
is not equivalent to
{
Tˆi
}d2−1
i=1
. More generally,
by using an Hermitian operator hˆ satisfying hˆ |ψ〉 = r |ψ〉 with a real number r, a set of QIC
operators are constructed as
Tˆ
(QIC)
i (hˆ) ≡ Uˆ †Vˆ (hˆ)†
(
tˆi ⊗ Id
)
Vˆ (hˆ)Uˆ (24)
where Vˆ (hˆ) ≡ e−itˆ⊗hˆVˆ . This implies that for any state and write operation, there exist dif-
ferent QICs. In [5], the non-uniqueness of QIC has been proven only for d = 2. The example
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of the Greenberger–Horne–Zeilinger state presented there clearly shows that different QICs
gives different ways to process the injected information.
It should be noted that even when information is localized, QIC is non-unique. For
example, let us consider a two-qudit system in a product state |Ψ〉 = |φ〉 |ψ〉. If we inject
the information by a write operator Wˆ (θ) = wˆ(θ) ⊗ Id, the information is localized in the
first qudit and a set of QIC operators are given by Tˆi = tˆi⊗ Id. From Eq. (23), the operators
Tˆi(r) = Tˆi +
(
eirtˆtˆie
−irtˆ − tˆi
)
⊗ |ψ〉 〈ψ| (25)
also characterize another QIC. In this case, one would feel that the set of operators
{
Tˆi
}d2−1
i=1
is more natural and physically significant than that with r 6= 0 since the former one agrees
with the observation that information is spatially localized. It remains an open question
whether there is a useful criterion to single out a important or convenient set of operators in
general setup. For shift write operations on Gaussian states, there is a criterion with which
a QIC is uniquely selected, as we will see in the next section.
Before concluding this section, we briefly discuss multi-parameter write operations. A
QIC in a multiple-qudit system is capable of (d − 1) independent parameters. It should be
noted that multi-parameter information storage can be achieved for d ≥ 3. Let {cˆi}d−1i=1 be
a set of commutative operators in su(d). Suppose that (d − 1) real unknown parameters
{θi}d−1i=1 are injected on a pure state |Ψ〉 by write operations
Wˆi(θi) ≡ e−iθiCˆi = Uˆ †
(
e−iθi cˆi ⊗ I⊗N−1d
)
Uˆ , (26)
where we have defined Cˆi ≡ Uˆ †
(
cˆi ⊗ I⊗N−1d
)
Uˆ . The state after operations are given by
|Ψ(θ)〉 ≡ Wˆ1(θ1) · · · Wˆd−1(θd−1) |Ψ〉 , (27)
where we have introduced θ ≡ (θ1, · · · , θd−1). As a quantifier of precision of multi-parameter
estimation, the symmetric logarithmic derivative (SLD) Fisher information matrix Fθ is
often adopted [12]. Its element is defined as
(Fθ)ij ≡
〈
Ψ(θ)
∣∣∣∣ 12
(
LˆiLˆj + LˆjLˆi
) ∣∣∣∣Ψ(θ)
〉
, (28)
where Lˆi is a solution of the following equation with ρˆθ ≡ |Ψ(θ)〉 〈Ψ(θ)|:
∂θi ρˆθ =
1
2
(
ρˆθLˆi + Lˆρˆθ
)
. (29)
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The operators Lˆi are called SLD operators. In our setup, SLD operators are easily obtained
as
Lˆi = 2i
(
ρˆθCˆi − Cˆiρˆθ
)
. (30)
From this equation, the Fisher information matrix is given by
(Fθ)ij = 4
〈
Ψ
∣∣∣∆Cˆi∆Cˆj ∣∣∣Ψ〉 , (31)
where we have defined ∆Cˆi ≡ Cˆi −
〈
Ψ
∣∣∣ Cˆi ∣∣∣Ψ〉. If the Fisher matrix is non-degenerate,
parameters are independently imprinted. A QIC for this series of write operations can be
constructed in the following way: Since cˆi commutes with each other, they are simultaneously
diagonalizable. That is, there exists an orthonormal basis {|φi〉}di=1 such that
cˆi =
d∑
j=1
rij |φj〉 〈φj| (32)
for some real numbers rij. From the same argument as in Eqs. (19) and (20), the QIC
operators are obtained. The whole information of (d − 1) parameters is simultaneously
extracted by the SWAP operation given in Eq. (12).
There is another setup of multi-parameter information storage by using commutative
write operations. As an example, consider two write operations Wˆ1(θ1) ≡ e−iθ1Tˆ1 and
Wˆ2(θ2) ≡ e−iθ2Tˆ2 , where Tˆ1 ≡ tˆ ⊗ I⊗N−1d and Tˆ2 ≡ Id ⊗ sˆ ⊗ I⊗N−2d with tˆ, sˆ ∈ su(d). The
commutativity of the write operations does not imply that the information can be retrieved
independently. In other words, sets of QIC operators for two write operations may not
commute with each other. In the case of multiple-qudit systems, it is difficult to discuss
the commutativity of QIC operators since we do not have a simple formula to construct the
QIC operators. However, in the case of write shift operations on CV systems in Gaussian
state, it is possible to derive the condition under which multi-parameter information can
independently be retrieved as we will see in the next section.
III. QIC IN CV SYSTEMS
In the previous section, we have shown that a QIC always exists for the information
injected into multiple-qudit systems by write operations in the form of Wˆ (θ) = e−iθUˆ(tˆ⊗Id)Uˆ .
Here, we extend the arguments to CV systems: multiple-harmonic oscillator (HO) systems
and the scalar field.
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A. QIC in multiple-HO systems
Let us consider anN -HO system whose canonical variables are denoted by rˆ ≡ (qˆ1, pˆ1, · · · , qˆN , pˆN)T.
The canonical commutation relations are summarized as
[
rˆ, rˆT
]
= iΩ, (33)
where
Ω ≡
N⊕
n=1

 0 1
−1 0

 (34)
is an anti-symmetric matrix. Let us inject information of θ by a write operation Wˆ (θ) =
e−iθQˆ on a pure state |Ψ〉, where Qˆ satisfies
Qˆ = Uˆ †
(
qˆ1 ⊗ I⊗N−1
)
Uˆ (35)
for some unitary operator Uˆ , where I is the identity operator for a single HO system. For
notational simplicity, we will omit I and ⊗ when there is no risk of confusion. Defining
Pˆ ≡ Uˆ †pˆ1Uˆ , the canonical commutation relation is satisfied
[
Qˆ, Pˆ
]
= i, implying that the
set of operators
(
Qˆ, Pˆ
)
characterizes a mode. For a given mode and an arbitrary pure state
|Ψ〉, it is possible to construct its purification partner [4]. Since the composite subsystem of
the modes defined by
(
Qˆ, Pˆ
)
and its partner is in a pure state, the information is perfectly
confined in this subsystem. Therefore, the picture of partners storing information is valid
for N -HO systems.
What about the picture of QIC? We can extend the proof of the existence of a QIC to
the N -HO systems in the following way: The eigenvalue decomposition of the operator qˆ1 is
given by
qˆ1 =
∫ ∞
−∞
dq q |q〉 〈q| . (36)
Expanding the state |Ψ′〉 ≡ Uˆ |Ψ〉 as
|Ψ′〉 =
∫ ∞
−∞
dq c(q) |q〉 ⊗ |ψq〉 , (37)
we can introduce the unitary operator as
Vˆ ≡ exp
(
−i
∫ ∞
−∞
dq |q〉 〈q| ⊗ hˆq
)
, (38)
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where hˆq satisfies the condition that e
−ihˆq |ψq〉 = |ψ〉 for a reference state |ψ〉 of (N − 1)-HO
system. Since Vˆ preserves qˆ1 and satisfies
Vˆ Uˆ |Ψ〉 =
(∫ ∞
−∞
dq c(q) |q〉
)
⊗ |ψ〉 , (39)
the set of operators
Qˆ(QIC) ≡ Uˆ †Vˆ †qˆ1Vˆ Uˆ = Qˆ, (40)
Pˆ (QIC) ≡ Uˆ †Vˆ †pˆ1Vˆ Uˆ (41)
characterizes a QIC. Therefore, as long as the unitary operator defined in Eq. (38) is well
defined, we can construct a QIC.
Hereafter, we mainly investigate the information injected into pure Gaussian states by
write operations generated by linear combination of the canonical operators. That is, we
restrict ourselves in the case when the write operation is given by
Wˆ (θ) = e−iθQˆ, Qˆ ≡ vTrˆ (42)
where v ∈ R2N . The coefficients v correspond to the weighting functions [4] that characterize
the interaction between the N -HO system and a device that detects a mode. In the case of
the scalar field theory, such devices are called Unruh-de Witt detector [16, 17]. The operator
Qˆ in the form in Eq. (42) is a special example of operators defined in Eq. (35). This write
operations shift the first moment of states as follows:
〈Ψ(θ) | rˆ |Ψ(θ)〉 = 〈Ψ | rˆ |Ψ〉+ θΩv. (43)
Therefore, we call them shift write operations.
A pure Gaussian state |Ψ〉 is fully characterized by its first and second moments of the
canonical variables. The second moments are summarized by the covariance matrix
M ≡ Re
(〈
Ψ
∣∣∣ RˆRˆT ∣∣∣Ψ〉) , (44)
where we have defined
Rˆ ≡ rˆ − 〈Ψ | rˆ |Ψ〉 (45)
so that
〈
Ψ
∣∣∣ Rˆ ∣∣∣Ψ〉 = 0 holds. Our task is to find an operator Pˆ such that [Qˆ, Pˆ] = i
holds and the mode characterized by
(
Qˆ, Pˆ
)
is in a pure state for the given state |Ψ〉. If
13
we could find it, after the write operation Wˆ (θ) = e−iθQˆ, the mode remains in a pure state,
implying that the mode is a QIC. We call such an operator Pˆ the conjugate QIC operator
of the operator Qˆ. Taking into account that the purity of Gaussian state is characterized
by the second moments, we pose the following ansatz:
Pˆ = uTRˆ = uTrˆ − uT 〈Ψ | rˆ |Ψ〉 , (46)
where u ∈ R must satisfy
vTΩu = 1 (47)
so that
[
Qˆ, Pˆ
]
= i holds. The second term in Eq. (46) is a constant factor which becomes
significant when we study multi-parameter write operations as we will see later.
For a mode characterized by
(
Qˆ, Pˆ
)
, its covariance matrix is defined by
m ≡

Re
(〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉) Re(〈Ψ ∣∣∣ QˆPˆ ∣∣∣Ψ〉)
Re
(〈
Ψ
∣∣∣ Pˆ Qˆ ∣∣∣Ψ〉) Re(〈Ψ ∣∣∣ Pˆ 2 ∣∣∣Ψ〉)

 =

vTMv vTMu
uTMv uTMu

 , (48)
where we have re-defined Qˆ as Qˆ = vTRˆ. The difference between Qˆ = vTrˆ and Qˆ = vTRˆ
in the write operation Wˆ (θ) = e−θQˆ results in an unimportant global phase rotation. The
entanglement entropy between the mode and its complement system is given by [18]
SEE =
√
1 + g2 ln
(
1
g
(√
1 + g2 + 1
))
+ ln
(g
2
)
, (49)
where g is defined by
g ≡ √4 detm− 1. (50)
The entanglement entropy becomes zero if and only if g = 0. It should be noted that
detm ≥ 1
4
is always satisfied because of the uncertainty relationship.
Similar to the case of virtual qudits, we also have the ambiguity of the choice in the
operators representing a mode. That is, for a unitary operator Uˆ generated by
(
Qˆ, Pˆ
)
, the
set of operators
(
Qˆ′, Pˆ ′
)
≡
(
Uˆ †QˆUˆ , Uˆ †Pˆ Uˆ
)
also characterize the same mode. Taking
Uˆ ≡ e−i
Re(〈QˆPˆ〉)
2〈Ψ | Qˆ2 |Ψ〉 Qˆ
2
, (51)
Qˆ′ = Qˆ holds and Pˆ ′ satisfies
Re
(〈
Ψ
∣∣∣ Qˆ′Pˆ ′ ∣∣∣Ψ〉) = Re(〈Ψ ∣∣∣ Pˆ ′Qˆ′ ∣∣∣Ψ〉) = 0. (52)
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To eliminate the ambiguity in the operators representing a QIC, we impose this condition.
In terms of vectors v and u, the above constraint is equivalent to
vTMu = 0. (53)
To summarize, the real vector u that determines Pˆ is the vector which minimize detm
under the constraints Eqs. (47) and (52). Thus, let us define a function
f(u) ≡ (vTMv) (uTMu)− µ1 (vTΩu− 1)− µ2 (vTMu− 0) , (54)
where µ1, µ2 are Lagrange multipliers. Since
∂
∂ui
f(u) = 2
(
vTMv
) 2N∑
j=1
Mijuj − µ1
2N∑
j=1
vjΩji − µ2
2N∑
j=1
vjMji (55)
holds, the unique solution of ∂
∂u
f(u) = 0 is given by
u = − 1
vTMv
ΩMv (56)
with µ1 =
1
2
and µ2 = 0. Here, we have used the fact that
MΩM =
1
4
Ω (57)
holds for pure Gaussian states |Ψ〉 since there always exist a symplectic matrix S such that
M = 1
2
STS [19]. From a straightforward calculation, it can be checked that for a given
operator Qˆ = vTRˆ and a given Gaussian state |Ψ〉, the operator
Pˆ =
1〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉v
TMΩRˆ (58)
actually satisfies
[
Qˆ, Pˆ
]
= i and detm = 1
4
, implying that the mode defined by
(
Qˆ, Pˆ
)
is in
a pure state. Therefore, Pˆ is the conjugate QIC operator of Qˆ. It should be noted that the
solution of Eq. (54) was unique. The ansatz given in Eq. (46) singles out the unique QIC.
By using the operators
(
Qˆ, Pˆ
)
characterizing the QIC, the information of θ can be
retrieved by the following SWAP operation:
Uˆswap = exp
(
i
π
2
(
Qˆpˆ(ext.) − Pˆ qˆ(ext.)
))
, (59)
where
(
qˆ(ext.), pˆ(ext.)
)
is a set of canonical variables for an external device. Since the QIC
operators derived here are linear combinations of canonical variables, this SWAP operation
can be achieved by a bi-linear coupling between the system and the external device.
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Similar to the case of multiple-qudit systems, a QIC in CV systems can store multiple
parameters. Let
(
Qˆ, Pˆ
)
be a set of operators characterizing a QIC. Since they are linear
combinations of canonical variables satisfying
[
Qˆ, Pˆ
]
= i, there exists a unitary operator Uˆ ′
such that Qˆ = Uˆ †qˆ1Uˆ and Pˆ = Uˆ †pˆ1Uˆ . Defining
Tˆn ≡ Uˆ †
(|n〉 〈n| ⊗ I⊗N−1) Uˆ (60)
for non-negative integers n, they are Hermitian operators commute with each other. Here,
{|n〉}∞n=0 represents the set of eigenstates of the number operators of the first HO. The
operator Tˆn can be also written as
Tˆn ≡ 1
n!
lim
β→∞
enβ
(
∂
∂(−β)
)n
e−βaˆaˆ
†
, (61)
where we have defined creation and annihilation operators of the QIC mode as
aˆ† ≡ 1√
2
(
Qˆ− iPˆ
)
, aˆ ≡ 1√
2
(
Qˆ + iPˆ
)
. (62)
By using a series of commutative write operation Wˆn(θn) ≡ e−iθnTˆn , a countably infinite
number of parameters is stored independently in the single QIC mode.
Now, let us investigate another kind of multi-parameter write operations. Consider a
series of shift write operations Wˆi(θi) ≡ e−iθiQˆi, where i = 1, · · · , k with an positive integer
k, and Qˆi ≡ vTi rˆ with real vectors vi ∈ R. Let us impose[
Qˆi, Qˆj
]
= ivTi Ωvj = 0 for 1 ≤ i ≤ j ≤ k (63)
so that the write operation commute with each other. After the series of write operations,
a Gaussian state |Ψ〉 evolves into
|Ψ(θ)〉 ≡ Wˆ1(θ1) · · · Wˆk(θk) |Ψ〉 , (64)
where we have defined θ ≡ (θ1, · · · , θk). Now, suppose that we try to retrieve the information
θ1 from |Ψ(θ)〉. From Eq. (58), the conjugate operator Pˆ1 to Qˆ1 is given by
Pˆ1 =
1〈
Ψ
∣∣∣ Qˆ21 ∣∣∣Ψ〉v
T
1 MΩRˆ2,··· ,k, (65)
where
Rˆ2,··· ,k ≡ Rˆ−
k∑
i=2
θiΩvi (66)
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is a set of canonical variables whose first moments vanish for Wˆ2(θ2) · · · Wˆk(θk) |Ψ〉. This
means that for shift write operations, the conjugate QIC operator depends on unknown
variables in general even when the write operations commute with each other. That is, if
we want to extract the information of θ1, we need to know θ2, · · · , θk unless vT1 Mvj = 0 for
all j 6= 1. Therefore, the information on each parameters are independently retrieved if and
only if
vTi Mvj = 0 for 1 ≤ i < j ≤ k (67)
holds. Under this condition, the conjugate operators become independent of unknown pa-
rameters and are given by
Pˆi =
1〈
Ψ
∣∣∣ Qˆ2i ∣∣∣Ψ〉v
T
i MΩRˆ. (68)
The condition given in Eq. (67) ensures the commutativity of QIC operators:
[
Qˆi, Pˆj
]
= i
vTi Mvj〈
Ψ
∣∣∣ Qˆ21 ∣∣∣Ψ〉 = iδij . (69)
The independence of parameters can be also checked from the Fisher matrix. In the same
calculation as is done in Eq. (31), the Fisher matrix is given by
(Fθ)ij = 4
〈
Ψ
∣∣∣ Qˆ2i ∣∣∣Ψ〉 δij , (70)
implying that it cannot be degenerated.
From the viewpoint of unitary evolution, the conditions given in Eqs. (63) and (67)
ensures the invariance of the QIC operators under the write operations of other parameters.
Suppose that information of θ1 is first injected by Wˆ1(θ1) = e
−iθ1Qˆ1 on the N -HO system in
a pure state |Ψ〉. The QIC operators are given by
Qˆ1 = v
T
1 Rˆ, Pˆ1 =
1〈
Ψ
∣∣∣ Qˆ21 ∣∣∣Ψ〉v
T
1 MΩRˆ. (71)
As is discussed in [5], the time-evolution of the QIC operator is given by
(
Qˆ, Pˆ
)
7→(
UˆQˆUˆ †, Uˆ Pˆ Uˆ †
)
when the system evolves as Ψˆ 7→ Uˆ |Ψ〉 under a unitary operator Uˆ . When
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we inject information of θ2 by Wˆ2(θ2) = e
−iθ2Qˆ2 , the QIC operators evolves into
Wˆ2(θ2)Qˆ1Wˆ2(θ2)
† = vT1
(
Rˆ− θ2Ωv2
)
= Qˆ1 − θ2vT1 Ωv2, (72)
Wˆ2(θ2)Pˆ1Wˆ2(θ2)
† =
1〈
Ψ
∣∣∣ Qˆ21 ∣∣∣Ψ〉v
T
1 MΩ
(
Rˆ− θ2Ωv2
)
= Pˆ1 +
1〈
Ψ
∣∣∣ Qˆ21 ∣∣∣Ψ〉θ2v
T
1 Mv2.
(73)
Therefore, if Eqs. (63) and (67) are satisfied, the QIC operators
(
Qˆ1, Pˆ1
)
is invariant under
the write operations of Wˆ2(θ2).
B. QIC in scalar field theory
Let us consider a scalar field theory in (d + 1)-dimensional spacetime. The scalar field
φˆ(x) and its conjugate momentum Πˆ(x) satisfy the canonical commutation relation:
[
φˆ(x), φˆ(y)
]
= 0,
[
φˆ(x), Πˆ(y)
]
= iδ(d)(x− y),
[
Πˆ(x), Πˆ(y)
]
= 0 (74)
for x,y ∈ Rd. Defining γˆ(x) ≡
(
φˆ(x), Πˆ(x)
)T
, it can be summarized as
[
γˆ(x), γˆ(y)T
]
=
iΩ(x,y), where
Ω(x,y) ≡

 0 δ(d)(x− y)
−δ(d)(x− y) 0

 . (75)
When the system is in a pure Gaussian state |Ψ〉, let us re-define the field and conjugate mo-
mentum as Γˆ(x) ≡ γˆ(x)−〈Ψ | γˆ(x) |Ψ〉 so that the first moments vanish:
〈
Ψ
∣∣∣ Γˆ(x) ∣∣∣Ψ〉 = 0.
The covariance matrix is defined as
M(x,y) ≡ Re
(〈
Ψ
∣∣∣ Γˆ(x)Γˆ(y)T ∣∣∣Ψ〉) . (76)
Now, let us define a shift write operation Wˆ (θ) ≡ e−iθQˆ where
Qˆ ≡
∫
ddx vT(x)Γˆ(x), (77)
and
v(x) ≡ (v1(x), v2(x))T (78)
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are weighting functions. As long as the continuum limit can be taken properly, the results
in the previous subsection are applicable here. Therefore, the conjugate QIC operator Pˆ
can be constructed as
Pˆ =
1〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉
∫
ddxddyddz v(x)TM(x,y)Ω(y, z)Γˆ(z) (79)
under the assumption that
〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉 is finite. Let us confirm that the operators (Qˆ, Pˆ)
satisfy the requirements. The commutation relationship can be checked as follows:[
Qˆ, Pˆ
]
=
1〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉
∫
ddxddyddzddw v(x)
[
Γˆ(x), Γˆ(y)T
]
(−Ω(y, z))M (z,w) v(w)
= i
1〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉
∫
ddxddyv(x)M(x,y)v(y) = i. (80)
The off-diagonal elements of covariance matrix vanish:
Re
(〈
Ψ
∣∣∣ QˆPˆ ∣∣∣Ψ〉)
=
1〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉
∫
ddxddyzddw v(x)TRe
(〈
Ψ
∣∣∣ Γˆ(x)Γˆ(y)T ∣∣∣Ψ〉) (−Ω(y, z))M(z,w)v(w)
=
1〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉
∫
ddxddyddzddw v(x)TM(x,y) (−Ω(y, z))M(z,w)v(w) = 0, (81)
where we have used the fact that Ω(x,y) is anti-symmetric in the last line. The last one is
the expectation value of Pˆ :〈
Ψ
∣∣∣ Pˆ 2 ∣∣∣Ψ〉
=
1〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉2
∫
ddx1 · · · ddx6 v(x1)TM(x1,x2)Ω(x2,x3)Re
(〈
Ψ
∣∣∣ Γˆ(x3)Γˆ(x4)T ∣∣∣Ψ〉)
× (−Ω(x4,x5))M(x5,x6)v(x6)
=
1〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉2
∫
ddx1d
dx4d
dx5d
dx6 v(x1)
T1
4
Ω(x1,x4) (−Ω(x4,x5))M(x5,x6)v(x6)
=
1
4
1〈
Ψ
∣∣∣ Qˆ2 ∣∣∣Ψ〉 , (82)
where we have assumed that∫
ddx2d
dx3M(x1,x2)Ω(x2,x3)M(x3,x4) =
1
4
Ω (x1,x4) (83)
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holds. Therefore, detm = 1
4
is satisfied. Eq. (83) is the continuum limit of Eq. (57). If the
Gaussian state |Ψ〉 can be obtained from a Gaussian state in a HO chain in an appropriate
continuum limit, this equation holds. For example, it is possible to confirm that the vacuum
state of the free scalar field theory is a Gaussian state satisfying Eq. (83).
IV. EXAMPLE: SCRAMBLINGOF INFORMATION IN DISCRETIZED SCALAR
FIELD THEORY
In this section, we calculate the time-evolution of QIC operators in descretized scalar
field theory in a flat (1+1)-dimensional spacetime. Imposing a periodic boundary condition
on the scalar field, the free Hamiltonian is given by
Hˆ =
1
2
∫ L/2
−L/2
dx : Πˆ(x)2 : +
1
2
∫ L/2
−L/2
:
(
∂xφˆ(x)
)2
: +
m2
2
∫ L/2
−L/2
: φˆ(x)2 : . (84)
Here, L denotes the entire length of the space, m is the mass of the field, and : Oˆ : is
the normal ordering of a linear operator Oˆ. The canonical operators {(qˆn, pˆn)}Nn=1 for the
descretized theory corresponds to
φˆ(x)→ 1√
mǫ
qˆn, Πˆ(x)→
√
m
ǫ
pˆn, (85)
where ǫ ≡ L/N is the lattice spacing. The descritized Hamiltonian is given by
Hˆ =
1
2
N∑
n=1
: pˆ2n : +
(
1
2
+ η
) N∑
n=1
: qˆ2n : −η
N∑
n=1
qˆn : qˆn+1 :, (86)
where η ≡ 1/(mǫ)2. The Hamiltonian can be re-written as
Hˆ =
N∑
k=1
ωkaˆ
†
kaˆk, (87)
where
ωk ≡
√
1 + 2η
(
1− cos
(
2πk
N
))
(88)
and the creation and annihilation operators satisfy
qˆn =
N∑
k=1
1√
2ωk
(
aˆkfk(n) + aˆ
†
kfk(n)
∗
)
, pˆn =
1
i
N∑
k=1
√
ωk
2
(
aˆkfk(n)− aˆ†kfk(n)∗
)
(89)
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with the mode functions
fk(n) ≡ 1√
N
exp
(
2πik
n
N
)
. (90)
Introducing a 2N × 2N matrix A whose elements are given by
Aab ≡


1√
2ω(b+1)/2
f(b+1)/2(
a+1
2
) (a, b : odd)
1√
2ωb/2
f ∗b/2(
a+1
2
) (a : odd, b : even)
1
i
√
ω(b+1)/2
2
f(b+1)/2(
a
2
) (a : even, b : odd)
−1
i
√
ωb/2
2
f ∗b/2(
a
2
) (a, b : even)
, (91)
Eq. (89) is written as rˆ = A
(
aˆ1, aˆ
†
1, · · · , aˆN , aˆ†N
)T
.
Suppose that we imprint information of θ by using a shift operator Wˆ (θ) defined Eq. (42)
at t = 0. Assuming that the system is in a Gaussian state |Ψ〉 before the write operation,
the wighting functions of conjugate QIC operator are given by Eq. (56). At t > 0, the
system evolves into Uˆ(t)Wˆ (θ) |Ψ〉, where Uˆ(t) ≡ e−iHˆt is the unitary evolution operator. As
is presented in [5], the QIC operators at t > 0 are given by
Qˆ(t) ≡ Uˆ(t)QˆUˆ(t)†, Pˆ (t) ≡ Uˆ(t)Pˆ Uˆ(t)†. (92)
In terms of weighting functions, they are written as Qˆ(t) = v(t)Trˆ and Pˆ (t) = u(t)Trˆ,
where we have defined
v(t)T ≡ vTA
N⊕
k=1

eiωk 0
0 e−iωk

A−1, u(t)T ≡ uTA N⊕
k=1

eiωk 0
0 e−iωk

A−1. (93)
As an example, the evolution of weighting functions for the vacuum state is shown in
Figs. (1)-(9). The parameters are fixed as N = 30 and η = 0.4, and the shift operator is
characterized by Qˆ = qˆ15. Even at t = 0, the weighting functions for Pˆ take non-zero values
even for n 6= 15 due to the entanglement-induced information delocalization, although they
are localized around n = 15. At t = 25, due to the free time-evolution of the system, the
information starts to propagate through the system. The weighting functions are almost
zero at the sites far from n = 15, which is consistent with the intuition that the there is
a limitation for the speed of information propagation. At t = 50, the profiles of weighting
functions show that the QIC mode is spreaded over the whole system. The complexity of the
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QIC operators seems to increase in time, which may be related to measures of scrambling
and quantum chaos such as out-of-order correlators [20] and tripartite information [21]. A
quantative analysis on the scrambling effect by using the evolution of QIC operators is
beyond the scope of this paper and left for future research.
FIG. 1. The wighting functions of QIC operators at t = 0.
FIG. 2. The wighting functions of Qˆ(0) with lines.
FIG. 3. The wighting functions of Pˆ (0) with lines.
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FIG. 4. The wighting functions of QIC operators at t = 25.
FIG. 5. The wighting functions of Qˆ(25) with lines.
V. SUMMARY
In this paper, we extended the pictures of partners and a QIC storing the information im-
printed into a systems. The results presented in Section II show that for a finite-dimensional
system, a QIC always exists for general write operations. When there is no criterion that
FIG. 6. The wighting functions of Pˆ (25) with lines.
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FIG. 7. The wighting functions of QIC operators at t = 50.
FIG. 8. The wighting functions of Qˆ(50) with lines.
singles out a QIC, non-equivalent QIC can be constructed, implying that there are many
ways to process the imprinted information. In Section III, we extended the proof of exis-
tence of a QIC to CV systems. For shift write operations, a unique QIC always exists for
an arbitrary Gaussian state, imposing the condition that the QIC mode is characterized by
linear combinations of canonical variables.
FIG. 9. The wighting functions of Pˆ (50) with lines.
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In Section IV, the time-evolution of QIC operators is calculated for the discretized scalar
field theory. The wighting functions of QIC operators are spread over the system due to
the free evolution. Fig (7) suggests that we need to prepare a highly lon-local detector in
order to detect the QIC mode at the late time. It would be interesting to investigate the
scrambling effect by using QICs in future research.
Appendix A: The SWAP operation for qudits
The SWAP operation for a two-qudit system is given by
Uˆswap =
d∑
i,j=1
|i〉 〈j| ⊗ |j〉 〈i| , (A1)
where {|i〉}di=1 is an orthonormal basis for a single-qudit Hilbert space Hd. This operator
swaps the state of first qudit for that of the second qudit. That is, for arbitrary unit vector
|φ〉 |ψ〉 ∈ Hd, it holds
Uˆswap |φ〉 |ψ〉 = |ψ〉 |φ〉 . (A2)
Since Uˆswap is a linear operator, it can be expressed as
Uˆswap =
d2−1∑
µ,ν=0
cµν tˆµ ⊗ tˆν , (A3)
where cµν ∈ C, tˆ0 ≡ Id and
{
tˆi
}d2−1
i=1
is a basis of su(d) algebra satisfying TrHd
(
tˆitˆj
)
= dδij.
Since TrHd
(
tˆµtˆν
)
= dδµν holds for µ, ν = 0, · · · , d2 − 1, we get
cµν =
1
d2
TrH⊗2d
(
Uˆswaptˆµ ⊗ tˆν
)
=
1
d2
d∑
i,j=1
〈
j
∣∣ tˆµ ∣∣ i〉 〈i ∣∣ tˆν ∣∣ j〉
=
1
d2
TrHd
(
tˆµtˆν
)
=
1
d
δµν . (A4)
Therefore, the SWAP operation is expressed in terms of a basis of su(d) as
Uˆswap =
1
d
d2−1∑
µ=0
tˆµ ⊗ tˆµ. (A5)
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